Introduction

26
The central focus of this article is the problem of finding necessary and sufficient con-27 ditions for a Riemannian or pseudo-Riemannian manifold, of any signature and dimension 28 
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conformally Einstein metrics that are sharp for weakly generic metrics of any signature.
115
Thus these also improve on the results in [21] . 116 We believe the development in Section 3 should have an important role in suggesting 117 how an analogous programme could be carried out for related conformal problems as well 118 as analogues on, for example, CR structures where the structure and tractor calculus is 119 very similar. We also use this machinery to show that the system F 1 , F 2 has a simple 120 interpretation in terms of the curvature of the Fefferman-Graham ambient metric.
121
Finally in Section 4 we discuss explicit metrics to shed light on the invariants constructed 122 and their applicability. This includes examples of classes metrics which are weakly generic 123 but not 2 -generic. Also here, as an example use of the machinery on explicit metrics, 124 we identify the conformally Einstein metrics among a special class of metrics.
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Conformal characterisations via tensors
130
In this section we use standard tensor analysis on (pseudo-)Riemannian manifolds to 131 derive sharp obstructions to conformally Einstein metrics. 
Basic (pseudo-)Riemannian objects
133
Let M be a smooth manifold, of dimension n ≥ 3, equipped with a Riemannian or bundles, and also in other situations we will often use the same symbol for a given bundle 139 and its space of smooth sections, since the meaning will be clear by context.) We write E for 140 the space of smooth functions and all tensors considered will be assumed smooth without 141 further comment. An index which appears twice, once raised and once lowered, indicates 142 a contraction. The metric g ab and its inverse g ab enable the identification of E a and E a and we indicate this by raising and lowering indices in the usual way.
144
The metric g ab defines the Levi-Civita connection ∇ a with the curvature tensor R a bcd 145 given by 
147
This can be decomposed into the totally trace-free Weyl curvature C abcd and the symmetric 148 Schouten tensor P ab according to
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Thus P ab is a trace modification of the Ricci tensor R ab = R ca c b :
151 R ab = (n − 2)P ab + Jg ab , J := P a a .
152
Note that the Weyl tensor has the symmetries
153
C abcd = C [ab] [cd] = C cdab , C [abc] 
where we have used the square brackets to denote the antisymmetrisation of the indices.
155
We recall that the metric g ab is an Einstein metric if the trace-free part of the Ricci tensor 156 vanishes. This condition, when written in terms of the Schouten tensor, is given by
158
In the following we will also need the It is straightforward to verify that the Bach tensor is symmetric. From the contracted Bianchi 164 identity ∇ a P ab = ∇ b J it follows that the Cotton tensor is totally trace-free. Using this, and 165 that the Weyl tensor is trace-free, it follows that the Bach tensor is also trace-free.
166
Let us adopt the convention that sequentially labelled indices are implicitly skewed over.
167
For example with this notation the Bianchi symmetry is simply R a 1 a 2 a 3 b = 0. 
201
An example of tensor which fails to be conformally covariant is the Schouten tensor. We 
Here ϒ is a function which conformally rescales the metric g ab to an Einstein metric 246ĝ ab = e 2ϒ g ab .
247
Remarks:
248
• Note that in dimension n = 3 the first integrability condition (2.12) reduces to A abc = 0 for a metric to satisfy these equivalent conditions. This well known fact solves the problem 253 in dimension n = 3. Therefore, for the remainder of Section 2 we will assume that n ≥ 4.
254
• In dimension n = 4 the second integrability condition reduces to the conformally invari- 
Now, subtracting from this equation our second condition [B] we get
Next we differentiate equation [C] and skew to obtain
316
Then using (2.3), the Weyl Bianchi identity (2.4), and [C] once more we obtain
or equivalently
But this condition and (2.21) together imply that is at least three-dimensional (see Section 4.3 for an explicit Ricci-flat example of this type).
383
In the remainder of this section we show that there are natural conformal invariants that are 384 more effective, for detecting conformally Einstein metrics, than the pair F 1 and F 2 .
385
Let us say that a (pseudo-)Riemannian manifold is weakly generic if, at each point (and homogeneous of degree 2n − 2) in the Weyl curvature and for any structure we have
where L denotes the determinant of L a b . Let us define
Then D acde is a natural conformal covariant defined on all structures. On weakly generic Rie-401 mannian structures, or pseudo-Riemannian structures where we have L non-vanishing, there is a canonical choice forD, viz. at least, is a gradient.
494
Now suppose L is non-vanishing and takeD abcd to be given as in (2.25). Note that since E ab is conformally invariant it follows that L 2 E ab is conformally invariant. This expands to 
518
Now suppose we are in the setting of 2 -generic structures (of any fixed signature). Then E ab is well defined and conformally invariant withD abcd given by (2.26). Thus again by polynomial continuation we can conclude that the natural invariant obtained by expanding C 2 E ab , viz.
is conformally covariant on any structure (i.e. not necessarily 2 -generic). Thus we have 519 the following theorem on manifolds of dimension n ≥ 4. 
We next define the standard tractor bundle over (M, [g]). It is a vector bundle of rank
It is straightforward to verify that these identifications are consistent upon changing to 
610
It is readily verified that both of these are conformally well defined, i.e., independent of the 611 choice of a metric g ∈ [g]. Note that h AB defines a section of 
the Levi-Civita connection on u b ∈ E b and α ∈ E[w], while it denotes the tractor connection 632 on V C ∈ E C . In particular with this convention we have 
Given a choice of conformal scale, the tractor-D operator
638 D A : E B···E [w] → E AB···E [w − 1] 639 is defined by 640 D A V := (n + 2w − 2)wY A V + (n + 2w − 2)Z Aa ∇ a V − X A V,(3.
644
The curvature of the tractor connection is defined by 
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That is − 
719
• We should also point out that the theorem above can alternatively be deduced, via some 
722
Next we make some elementary observations concerning parallel tractors. first result is established.
where, as usual, sequentially labelled indices e.g. A 0 , A 1 , A 2 are implicitly skewed over. Now the quantity
c bc D E has (density) weight −1, so from the formula (3.5) for D, we have
where ∇ and act on everything to their right within the parentheses. The first and last
729
terms on the right-hand side vanish from the previous result. (In fact for last term we could also use that
where we have again used the earlier result, bc D E N E = 0. Similarly 
755
A general tractor I A ∈ E A may be expanded to
where σ = X A I A and we assume this is non-vanishing. Hence
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Setting this to zero, as required by (ii), implies that the coefficient of Z c C must vanish, i.e., and it is shown that (with (i)) abCE I E = 0 is exactly the conformal C-space equation.
767
Now recall
and so, in dimensions other 4, W BCDE I E = 0 implies bcDE I E = 0 (and hence the con- Remarks:
788
• Note that conditions (i), (ii) and (iii), as in the theorem, do not imply that I is parallel. Proof. Note that from (2.9), and the invariance of the tractor connection, we have 
for s = 0, 1, . . . , n + 1. These all vanish if and only if the metric is conformally Einstein.
910
The natural invariants in the lemma are given by mixed tensor-tractor fields, rather pure 911 tensors. However by expanding abCD and ∇ a bcDE using (3.7) and (3.4) it is straight-
912
forward to obtain an equivalent set of tensorial obstructions from these. The system of 913 obstructions so obtained is rather unwieldy and could be awkward to apply in practise.
914
Nevertheless this gives a system of invariants, which works equally for all signatures.
915
As a final remark in this section we note that coming to Proposition 2. 
Examples
925
Here we shed light on the various notions of generic metrics, mainly by way of examples. 
975
The Weyl tensor of metrics (4.1) has the following non-vanishing components:
C ijkl = 2 (g ki g jl − g kj g il ), C −i+k = (3 − n) g ik , By a straightforward calculation we obtain the following proposition. 
